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Abstract
For a topological space X let Zσ (X) denote the family of subsets of X which can be represented
as a union of countably many zero-sets. A bijection h :X→ Y between topological spacesX and Y is
a first level Baire isomorphism if f (Z) ∈ Zσ (Y ) and f−1(Z′) ∈ Zσ (X) whenever Z ∈ Zσ (X) and
Z′ ∈Zσ (Y ). A space is σ -(pseudo)compact if it can be represented as the union of a countable family
consisting of its (pseudo)compact subsets. Generalizing results of Jayne, Rogers and Chigogidze we
show that first level Baire isomorphic, σ -pseudocompact (in particular, σ -compact) Tychonoff spaces
have the same covering dimension dim. Ó 2000 Elsevier Science B.V. All rights reserved.
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A subset Z of a topological space X is a zero-set if there is a real-valued continuous
function f :X→ R with Z = f−1(0), and Z is an Fσ -set if it can be represented as a
union of countably many closed subsets of X. For a topological space X let Zσ (X) denote
the family of subsets of X which can be represented as unions of countably many zero-
sets. A subset of a topological space X is a Borel set (Baire set) if it belongs to the smallest
σ -algebra of subsets of X generated by the family of all closed subsets of X (respectively
zero-subsets of X).
A bijection h :X→ Y between topological spaces X and Y is a Borel isomorphism
(Baire isomorphism) if h(B) is a Borel (Baire) subset of Y for every Borel (Baire) set
B ⊆ X, and h−1(B ′) is a Borel (Baire) subset of X for every Borel (Baire) set B ′ ⊆ Y .
Following Jayne and Rogers [4] we say that a bijection h :X→ Y between topological
spaces X and Y is a first level Borel isomorphism if h(B) is an Fσ -subset of Y for
every Fσ -set B ⊆ X, and h−1(B ′) is an Fσ -subset of X for every Fσ -set B ′ ⊆ Y .
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Analogously, following Jayne [3] we say that a bijection h :X→ Y is a first level Baire
isomorphism provided that f (Z) ∈ Zσ (Y ) and f−1(Z′) ∈ Zσ (X) whenever Z ∈ Zσ (X)
and Z′ ∈ Zσ (Y ). It is clear that first level Borel (Baire) isomorphisms are very special
cases of general Borel (Baire) isomorphisms. Since every closed subset of a perfectly
normal space is a zero-set, the notion of a (first level) Borel isomorphism coincides with
the notion of a (first level) Baire isomorphism for perfectly normal spaces (in particular,
for metric spaces).
Recall that a space is pseudocompact if every real-valued continuous function defined
on it is bounded. We will say that a space X is σ -pseudocompact if there exists a
representation X =⋃{Xn: n ∈ N} such that all Xn are pseudocompact subspaces of X.
If each Xn above can be chosen compact, then X is called σ -compact. In what follows
dimX denotes the covering dimension of a space X (see [2, Section 7.1]).
Jayne and Rogers [4, Theorem 4.2(i)] proved the following
Theorem 1 (Jayne and Rogers). Let X =⋃{Xn: n ∈ N} and Y = ⋃{Ym: m ∈ N} be
regular spaces, where all Xn and Ym are compact metric spaces. If X and Y are first level
Borel isomorphic, then dimX = dimY .
Chigogidze [1] proved a similar theorem for general (not necessarily metrizable)
compact Hausdorff spaces by replacing Borel isomorphisms with Baire isomorphisms:
Theorem 2 (Chigogidze). If compact Hausdorff spaces X and Y are first level Baire
isomorphic, then dimX = dimY .
Our goal is to generalize both theorems as follows:
Theorem 3. If σ -pseudocompact Tychonoff spaces X and Y are first level Baire
isomorphic, then dimX = dimY .
Even the following special case of our theorem appears to be new:
Corollary 4. If σ -compact regular spaces X and Y are first level Baire isomorphic, then
dimX = dimY .
Clearly, Theorem 2 follows from Corollary 4. Corollary 4 also implies Theorem 1
because it can be easily seen that the spaces X and Y from Theorem 1 are automatically
perfectly normal and, as was noted above, first level Borel isomorphisms coincide with
first level Baire isomorphisms in the class of perfectly normal spaces.
Definition 5.
(i) For every space X let FX denote the family of all continuous maps from X into
separable metric spaces. For f,g ∈FX we write f ≺ g provided that there exists a
continuous map h :f (X)→ g(X) such that g = h ◦ f .
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(ii) For f ∈ FX , we say that a set B ⊆X is f -good if B = f−1(f (B)). A set B ⊆ X
is good if it is f -good for some f ∈FX.
(iii) If E ⊆ FX, then 1E :X → ∏{f (X): f ∈ E} denotes the diagonal product of
the family E , i.e., the map that sends a point x ∈ X to the point {f (x)}f∈E ∈∏{f (X): f ∈ E} whose f ’s coordinate is f (x). For two maps f,g ∈ FX we use
f M g instead of 1{f,g}.
The following lemma describes the standard situation when the relation f ≺ g naturally
arises:
Lemma 6. If E ⊆ FX and f =1E , then f ≺ g for every g ∈ E . In particular, f M g ≺ f
and f M g ≺ g whenever f,g ∈FX .
Lemma 7. For every space X, the family of all good subsets of X is closed with respect to
countable unions and intersections.
Proof. If {Bn: n ∈ N} is a sequence of subsets of X such that each Bn is fn-good for
fn ∈ FX, then it can be easily checked that both ⋃{Bn: n ∈ N} and ⋂{Bn: n ∈ N} are
f -good with respect to the diagonal product f =1{fn: n ∈N} :X→∏{fn(X): n ∈N} ∈
FX. 2
Lemma 8. Baire subsets of topological spaces are good.
Proof. Use transfinite recursion on the level α < ω1 in the Baire hierarchy and
Lemma 7. 2
Lemma 9. If h :X→ Y is a Baire isomorphism, f ∈ FX and g ∈ FY , then there exist
f ′ ∈ FX, g′ ∈ FY and a bijection h′ :f ′(X)→ g′(Y ) such that f ′ ≺ f , g′ ≺ g and









′(Y ) g(Y )
Proof. By induction we will pick fn ∈ FX , gn ∈ FY and countable bases Bn and Cn for
spaces fn(X) and gn(Y ), respectively in such a way that the following conditions will be
satisfied:
(in) fn ≺ fn−1 and gn ≺ gn−1,
(iin) for every U ∈ Bn−1 and each V ∈ Cn−1 the sets h(f−1n−1(U)) and h−1(g−1n−1(V ))
are gn-good and fn-good, respectively.
We start with f0 = f , g0 = g and pick arbitrary countable bases B0 and C0 for f0(X)
and g0(Y ), respectively. Then both conditions (i0) and (ii0) do not make any sense (so are
satisfied trivially). Suppose now that fk ∈ FX , gk ∈ FY and countable bases Bk and Ck
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for spaces fk(X) and gk(Y ), respectively, satisfying conditions (ik) and (iik) have already
been defined for all k 6 n. Let us define fn+1 ∈FX, gn+1 ∈FY and countable bases Bn+1
and Cn+1 for the spaces fn+1(X) and gn+1(Y ), respectively, satisfying conditions (in+1)
and (iin+1).
Pick U ∈ Bn. Since fn(X) is a separable metric space, f−1n (U) is a Baire subset of X.
Since h :X→ Y is a Baire isomorphism, h(f−1n (U)) is a Baire subset of Y , and so it is
ϕU -good for some ϕU ∈ FY (Lemma 8). Define gn+1 = 1{ϕU : U ∈ Bn} M gn. Since Bn
is countable, gn+1 ∈ FY . Observe that, by our construction, each h(f−1n (U)), U ∈ Bn, is
now gn+1-good. We also have gn+1 ≺ gn by Lemma 6. The symmetric argument permits
us to find fn+1 ∈ FX with fn+1 ≺ fn such that each h−1(g−1n (V )), V ∈ Cn, would be
fn+1-good. Therefore we have satisfied both (in+1) and (iin+1). Now it is enough to pick
arbitrarily countable bases Bn+1 and Cn+1 for fn+1(X) and gn+1(Y ), respectively.
To the end, define f ′ = 1{fn: n ∈ N} :X→∏{fn(X): n ∈ N} and g′ = 1{gn: n ∈
N} :Y →∏{gn(Y ): n ∈N}. Clearly f ′ ∈FX, g′ ∈FY , f ′ ≺ f0 = f and g′ ≺ g0 = g.
Claim 1. For every z ∈ f ′(X) the set g′(h(f ′−1(z))) consists of a single point.
Proof. Indeed, suppose the contrary. Then there exist y0, y1 ∈ h(f ′−1(z)) such that
gn(y0) 6= gn(y1) for some n ∈N. Pick V ∈ Cn with gn(y0) ∈ V and gn(y1) /∈ V . Then x0 =
h−1(y0) ∈ h−1(g−1n (V )) and x1 = h−1(y1) /∈ h−1(g−1n (V )). Since the set h−1(g−1n (V )) is
fn+1-good by (iin+1), it follows that fn+1(x0) 6= fn+1(x1). Since f ′ ≺ fn+1 by Lemma 6,
this implies f ′(x0) 6= f ′(x1). Since y0, y1 ∈ h(f ′−1(z)) and h is a bijection, we conclude
that x0, x1 ∈ f ′−1(z), i.e., f ′(x0)= z= f ′(x1), a contradiction. 2
Claim 2. For every z ∈ g′(Y ) the set f ′(h−1(g′−1(z))) consists of a single point.
Proof. Use the argument symmetric to that from Claim 1. 2
Claim 1 permits us to define the map h′ :f ′(X)→ g′(Y ) by h′(z)= g′(h(f ′−1(z))) for
every z ∈ f ′(X). From Claim 2 it follows that h′ is the required bijection. 2
Lemma 10. Suppose that h :X→ Y is a first level Baire isomorphism between σ -pseudo-
compact spaces X and Y , f ∈FX , g ∈ FY and h′ :f (X)→ g(Y ) is a bijection satisfying
the equation h′ ◦ f = g ◦ h. Then h′ is a first level Baire isomorphism.
Proof. Let B ∈ Zσ (f (X)). Then f−1(B) ∈ Zσ (X), and since h is a first level Baire
isomorphism, E = h(f−1(B)) ∈ Zσ (Y ). In particular, there exists a family {Fn: n ∈ N}
of zero-sets in Y with E = ⋃{Fn: n ∈ N}. For each n ∈ N fix a continuous function
ϕn :Y → R such that Fn = ϕ−1n (0). Let ψ = 1{ϕn: n ∈ N} M g :Y → RN × g(Y )
be the diagonal product. Clearly ψ ∈ FY and ψ ≺ g (Lemma 6), so there exists a
continuous map χ :ψ(Y )→ g(Y ) such that g = χ ◦ψ . For every n ∈ N we have ψ ≺ ϕn
(again by Lemma 6), and from our choice of ϕn it follows that each Fn is ψ-good. In
particular, g(Fn) = χ(ψ(Fn)) for every n, and thus g(E) = χ(ψ(E)). Since Y is σ -
pseudocompact, so is its continuous image ψ(Y ). Since ψ(Y ) is a separable metric space
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and pseudocompact metric spaces are compact, it follows that ψ(Y ) is σ -compact. Let
ψ(Y ) =⋃{Km: m ∈ N} where each Km is compact. Now each Lmn = Km ∩ ψ(Fn) is
a compact subset of ψ(Y ), and ψ(E) =⋃{Lmn: m,n ∈ N}. Each χ(Lmn) is a compact
subset of the separable metric space g(Y ), and so is a zero-set in g(Y ). From h′ ◦ f =
g ◦ h it follows that h′(B) = g(E) = χ(ψ(E)) = ⋃{χ(Lmn): m,n ∈ N} ∈ Zσ (g(Y )).
A symmetric argument shows that h′−1(B) ∈Zσ (f (X)) for every B ∈Zσ (g(Y )). 2
The following lemma is essentially a restatement of Nagami’s theorem on the dimension
of inverse sequences of metric spaces [5]:
Lemma 11. Suppose that Y is a space, m ∈ N, {gn: n ∈ N} ⊆ FY , g0  g1  · · · 
gn  · · · and g =1{gn: n ∈N}. If dimgn(Y )6m for all n ∈N, then dimg(Y )6m.
Proof. By our assumption, for every n ∈ N there exists a map pin+1n :gn+1(Y )→ gn(Y )
such that gn = pin+1n ◦ gn+1. For k > n define pikn = pikk−1 ◦ · · · ◦ pin+1n :gk(Y )→ gn(Y ).
This defines an inverse sequence S = {gn(Y ),pikn : k,n ∈ N, k > n} such that g(Y ) is
homeomorphic to a subspace of the limit Y ∗ of the sequence S . Since dimgn(Y ) 6 m
for all n ∈ N, we have dimY ∗ 6 m according to Nagami’s theorem [5]. Since g(Y ) is
a subset of the separable metric space Y ∗, we conclude that dimg(Y ) 6 dimY ∗ 6 m as
required. 2
The last ingredient which we need for the proof is the following folklore lemma from
the dimension theory (see, for example, [7, Fact 1.12]):
Lemma 12. For a spaceX andm ∈N, we have dimX 6m if and only if for every f ∈FX
there exists f ′ ∈FX such that f ′ ≺ f and dimf ′(X)6m.
Proof of Theorem 3. By the symmetry of our assumptions it suffices to show that
dimX 6 dimY . Let dimY = m. To prove that then dimX 6 m, we are going to use
Lemma 12. So we fix an arbitrary f ∈FX. By induction on n ∈N we will choose fn ∈FX ,
gn ∈FY and a bijection hn :fn(X)→ gn(Y ) satisfying the following conditions:
(in) fn ≺ fn−1 and gn ≺ gn−1,
(iin) gn ≺ g∗n−1 ≺ gn−1 for some g∗n−1 ∈FY with dimg∗n−1(Y )6m, and
(iiin) hn ◦ fn = gn ◦ h.
To start with, pick an arbitrary map g ∈ FY and apply Lemma 9 to choose f0 ∈ FX ,
g0 ∈FY and a bijection h0 :f0(X)→ g0(Y ) satisfying (iii0) and such that f0 ≺ f .
Suppose now that fk ∈ FX , gk ∈ FY and a bijection hk :fk(X)→ gk(Y ) satisfying
conditions (ik), (iik) and (iiik) have already been defined for all k 6 n. We are going
to define fn+1 ∈ FX, gn+1 ∈ FY and a bijection hn+1 :fn+1(X)→ gn+1(Y ) satisfying
conditions (in+1), (iin+1) and (iiin+1).
Since dimY 6 m, by Lemma 12 there is some g∗n ∈ FY such that g∗n ≺ gn and
dimg∗n(Y ) 6 m. Now applying Lemma 9 with fn ∈ FX and g∗n ∈ FY we can find
fn+1 ∈ FX , gn+1 ∈ FY and a bijection hn+1 :fn+1(X) → gn+1(Y ) satisfying (in+1),
(iin+1) and (iiin+1).
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Finally, define f ′ =1{fn: n ∈ N} ∈ FX and g′ =1{gn: n ∈ N} ∈ FY . There exists an

















gn+1(Y ) gn(Y ) · · · g0(Y )
g∗n(Y ) · · ·
Since g0  g∗0  g1  g∗1  · · ·  gn  g∗n  · · · and g′ = 1{gn: n ∈ N}, it follows
that g′ =1{g∗n: n ∈ N}. For every n ∈ N we have dimg∗n(Y ) 6m by (iin), and therefore
dimg′(Y )6m according to Lemma 11. By Lemma 10, h′ :f ′(X)→ g′(Y ) is a first level
Baire isomorphism. Since both f ′(X) and g′(Y ) are separable metric spaces, h′ is also a
first level Borel isomorphism. Now we are in the framework of Theorem 1, which implies
dimf ′(X)6 dimg′(Y )6m. Finally, f ′ ≺ f0 ≺ f by Lemma 6. Since f ∈FX was chosen
arbitrarily, Lemma 12 allows one to conclude that dimX6m. 2
In conclusion we formulate some open questions.
Question 13. Do first level Borel isomorphisms preserve covering dimension dim of σ -
compact regular spaces? (Compare this with Theorem 3.)
While σ -pseudocompactness of spaces is used essentially in the proof of Theorem 3, the
author was unable to find any counterexamples to the following provocative
Question 14. Let X and Y be first level Baire isomorphic Tychonoff spaces. Does
dimX = dimY hold?
Pytkeev [6, Theorem 8] announced without proof that dimX = dimY provided thatX is
a compact Hausdorff space, Y is a Tychonoff space and there exists a bijection ϕ :X→ Y
such that ϕ(Z) ∈ Zσ (Y ) whenever Z ∈ Zσ (X). When the proof of this result appears
in print we would be able to conclude that the answer to Question 14 is positive if one
additionally assumes (only) X to be σ -compact.
Historic remark. The main results of this paper were obtained in May 1991 when the
author was a Junior Scientific Researcher at Chair of General Topology and Geometry of
Faculty of Mechanics and Mathematics of Moscow State University. These results were
presented at the Special Session on Set-Theoretic Topology during the 876th Meeting of
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the American Mathematical Society in Dayton, Ohio (October 30–November 1, 1992). In
particular, Corollary 4 was announced in [8].
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